Abstract. Moduli spaces are a geometer's obsession. A celebrated example in algebraic geometry is the spaceM g,n of stable n-pointed algebraic curves of genus g, due to Deligne-Mumford and Knudsen. It has a delightful combinatorial structure based on weighted graphs.
The moduli bug
Geometers of all kinds are excited, one may say obsessed, with moduli spaces; these are the spaces which serve as parameter spaces for the basic spaces geometers are most interested in.
It was none other than Riemann who introduced the moduli bug into geometry, when he noted that Riemann surfaces of genus g > 1 "depend on 3g − 3 Moduln". This is a consequence of his famous "Riemann existence theorem", which tells us how to put together a Riemann surfaces by slitting a number of copies of the Riemann sphere and sewing them together. The number 3g − 3 is simply the number of "effective complex parameters" necessary for obtaining every Riemann surface this way.
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geometer, I tend to think about these Riemann surfaces as "smooth projective and connected complex algebraic curves of genus g", or just "curves of genus g" in short. This explains the choice of the letter C.
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The moduli space M g is the result of important work of many mathematicians, such as Ahlfors, Teichmüller, Bers, Mumford ...
From elliptic curves to higher genus
The first example, of elliptic curves, is familiar from Complex Analysis, where an elliptic curve is defined as the quotient C/ 1, τ of the complex plane by a lattice of rank 2 with Im(τ ) > 0. We learn, for instance in Ahlfors's book [Ahl78] , that isomorphism classes of elliptic curves are identified uniquely by the so called j-invariant j(τ ), an important but complicated analytic function on the upper half plane. In algebraic geometry one can use a shortcut to circumvent this: every elliptic curve has a so called Weierstrass equation
with nonzero discriminant ∆(a, b) = 4a 3 + 27b 2 = 0. One can identify the j-invariant as j(a, b) = 4a 3 4a 3 + 27b 2 ∈ C, so that two elliptic curves are isomorphic: E a,b E a ,b if and only if j(a, b) = j(a , b ).
Either way, the moduli space of elliptic curves is just C -or, in the language of algebraic geometers, the affine line A 1 C (Figure 1 ).
A B R A M O V I C H
2
From elliptic curves to higher genus
The first example, of elliptic curves, is familiar from Complex Analysis, where an elliptic curve is defined as the quotient C/ 1, τ of the complex plane by a lattice of rank 2 with Im(τ ) > 0. We learn, for instance in Ahlfors's book [?] , that isomorphism classes of elliptic curves are identified uniquely by the so called j-invariant j(τ ), an important but complicated analytic function on the upper half plane. In algebraic geometry one can use a shortcut to circumvent this: every elliptic curve has a so called Weierstrass equation Either way, the moduli space of elliptic curves is just C -or, in the language of algebraic geometers, the affine line A The story for genus g > 1 is quite a bit more involved. But the principle, at least in algebraic geometry, is similar: note that j(a, b) is an invariant rational function in the parameters a, b, which are the coefficients of the defining equation of E a,b written in its Weierstrass The story for genus g > 1 is quite a bit more involved. But the principle, at least in algebraic geometry, is similar: note that j(a, b)
is an invariant rational function in the parameters a, b, which are the coefficients of the defining equation of E a,b written in its Weierstrass form. For higher genus one does the same: one finds a sort of canonical form for a Riemann surface in a suitable projective space, one collects the coefficients of the defining equations, and then the coordinates on M g are invariant rational functions in these. The result, in its algebraic version due to Mumford, is:
It is a rather nice variety -it is not quite a manifold, but it is an orbifold: it locally looks like the quotient of a manifold by the action of a finite group.
In general the global geometry of M g is quite a bit more involved than the geometry of C. Its complex dimension is indeed 3g − 3.
The problem of compactness
Angelo Vistoli from Pisa has said that "working with a noncompact space is like trying to keep your change when you have holes in your pockets". The space C of elliptic curve, and the space M g of curves of genus g, are noncompact, and one wishes to find a natural compactification.
Of course every quasi-projective variety sits inside a projective space, and its closure is a compactification. But that is not natural: we want a compactification which is itself a moduli space, of slightly singular Riemann surfaces! For instance, the moduli space of elliptic curves C has a nice compactification P 1 C , the Riemann sphere. In which way does the added point ∞ represent a singular Riemann surface?
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form. For higher genus one does the same: one finds a sort of canonical form for a Riemann surface in a suitable projective space, one collects the coefficients of the defining equations, and then the coordinates on M g are invariant rational functions in these. The result, in its algebraic version due to Mumford, is:
Theorem 1. The space M g is a complex quasi projective variety.
The problem of compactness
Of course every quasi-projective variety sits inside a projective space, and its closure is a compactification. But that is not natural: we want a compactification which is itself a moduli space, of slightly singular Riemann surfaces! For instance, the moduli space of elliptic curves C has a nice compactification P 
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The function j(a, b) extends to a regular function j : C 2 {(0, 0)} → P 1 , and indeed all the points where ∆ = 0 in C 2 {(0, 0)} correspond to "singular elliptic curves" such as E −3,2 : y 2 = x 3 − 3x + 2: the singular point (x, y) = (1, 0) has local plane coordinates with equation of the form zw = 0, a so called node. In fact all these singular elliptic curves are isomorphic! (See Figure 2. )
From the Riemann surface point of view one can describe such singular Riemann surfaces as follows: choose your favorite elliptic curve E, thought of as a torus, and wrap a loop around its girth. Now pull the loop until it pops. What you get is the Riemann sphere with two points glued together (Figure 3) . The result is a singular Riemann surface obtained by taking a number of usual Riemann surfaces, choosing a number of points of them, and indicating how these points are to be glued together ( Figure 5 ).
One imposes a stability condition on the loops chosen, which is best described in combinatorial terms, see below. The collection of all of these objects is Deligne and Mumford's moduli space of stable curves M g . It is also a projective orbifold containing M g as a dense open subset. The combinatorial underpinning of a stable curve is given by its dual graph Γ. This is a so called weighted graph where each vertex v is assigned an integer weight g(v) ≥ 0.
Given a singular Riemann surface C as above, its graph has a vertex v i corresponding to each component C i , weighted by the genus g(C i ). Corresponding to each node, where a point of C i is glued to a point of C j one writes an edge tying v i to v j (Figure 6 ). 
and its graph
The genus of Γ, and of any corresponding singular Riemann surface, is given by a simple formula involving the first Betti number of the graph:
We can now describe the stability condition: the graph Γ, and any corresponding curve, is stable if every vertex v of genus g(v) = 0 has valence val(v) ≥ 3 and every vertex v of genus g(v) = 1 has valence val(v) ≥ 1.
The combinatorial structure of moduli space
These graphs give us a way to put together the space M g piece by piece.
For each weighted graph Γ there is a nice moduli space M Γ parametrizing singular Riemann surfaces with weighted graph Γ. Each M Γ is an orbifold, and its codimension in M g is simply the number of edges |E(Γ)|. We have
The pieces M Γ form a stratification of M g , in the sense that the closure of M Γ is the disjoint union of pieces of the same kind. To determine the combinatorial structure of M g we need to record which pieces M Γ appear in the closure: these correspond to singular Riemann surfaces C where more loops were pulled until they popped than in a curve C corresponding to Γ (Figure 7) . Step-by-step degenerations in genus 2
On the level of graphs this corresponds to simply saying that there is a contraction Γ → Γ: on weighted graphs, contracting an edge connecting vertices v 1 , v 2 with genera g 1 , g 2 results in a vertex with genus g 1 + g 2 ; similarly contracting a loop on a vertex with genus g results with a vertex with genus g + 1 (Figure 8 ). Figure 8 . Contracting an edge ... and a loop
So the combinatorial structure of M g is given by the following rule:
The skeletal picture of M 2 is given in Figure 9 . The top line is the big stratum M 2 of complex dimension 3, and the bottom strata are points, of dimension 0.
• There is another geometry which builds on the combinatorics of weighted graphs, namely the geometry of tropical curves. This is a much more recent theory. One can identify its pre-history in the work of Culler-Vogtmann on outer space [CV86] , and continuing with the work of Mikhalkin on tropical enumeration of plane curves [Mik05, Mik06] . The notion of tropical curves in the sense described here was introduced by Brannetti-Melo-Viviani [BMV11] and Caporaso [Cap11] .
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A tropical curve is simply a metric weighted graph
It consists of a weighted graph Γ and a possibly infinite length (e) > 0 assigned to each edge.
Moduli of tropical curves
Being a geometer, one is infected with the moduli bug. Therefore the moment one writes the definition of a tropical curve one realizes that they have a moduli space. Fixing a weighted graph Γ, the tropical curves having graph isomorphic to Γ are determined by the lengths of the edges, and the collection of lengths is unique up to the permutations obtained by automorphisms of the graph. We can therefore declare the moduli space of such tropical curves to be
We can put together these moduli spaces M Trop Γ by observing the following: if we let the length of an edge e in G approach 0, the metric space G approaches G , which is the metric graph associated to the graph Γ obtained by contracting e, as in Figure 10 . 
It is a nice compact cell complex. Note that the gluing rule precisely means that
The question of comparison
We obtained two geometries associated to the combinatorics of weighted graphs, summarized as follows:
The moduli spaces are clearly similar in their combinatorial nature, and one would like to tie them together somehow: with Caporaso and Payne, where we prove the suggested answer to be correct; it is based on the non-archimedean analytic spaces of Berkovich [Ber90] and their skeleta, and fundamental constructions of such skeleta by Thuillier [Thu07] .
One slightly disturbing feature is the fact that the combinatorial structures -the stratifications -of the moduli spaces M g and M Trop g are reversed! In Figure 11 , the top startum is a point in dimension 0, and the bottom strata are of dimension 3. One defines the valuation ring to be R = {x ∈ K : x ≤ 1} = {x ∈ K : val(x) ≥ 0}, which has a unique maximal ideal I = {x ∈ K : x < 1}. The residue field is defined as κ = R/I.
Recall that in scheme theory, a point of a variety X corresponds to a field extension K ⊃ C and a morphism Spec K → X, up to equivalence given by further extensions. In particular a point of M g corresponds to a field extension K ⊃ C and a stable curve C/ Spec K. Topologists cannot be happy about this structure, because the Zariski topology of a scheme is not Hausdorff in the least.
Berkovich associates to X an analytic variety X An -a locally ringed space which admits a natural morphism X An → X. A point of X
